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Abstract—We analyze the performance of amplify-and-forward
(AF) automatic repeat request (ARQ) for a two-hop cooperative
system with reliability constrains. For this setup, we first derive
the closed-form outage probability expression. Next, we present
a power allocation scheme that allows us to achieve a target
outage probability, while minimizing the outage-weighted average
power expenditure for asymmetric power allocation between the
source and relay. This is cast as an optimization problem, and
the optimal power allocation (OPA) is obtained in closed form
by invoking the Karush-Kuhn-Tucker (KKT) conditions. We
evaluate numerically the OPA strategy between different AF-
ARQ transmission rounds and we show that the proposed scheme
provides large power gains with respect to the optimized point-
to-point ARQ scheme, as well as with respect to the equal power
allocation (EPA) strategy.
I. INTRODUCTION
Ultra-Reliable Low-Latency Communication (URLLC) sys-
tems aim at guaranteeing successful data transmission within
stringent delay requirements. Such characteristics are indis-
pensable for various applications, such as, tele-surgery, intel-
ligent transportation, and industry automation [1], [2]. Fading
in wireless channels, which causes fluctuations in the received
signal strength resulting in loss of transmitted packets [3], is
the main impediment towards achieving URLLC.
To alleviate the effects of this phenomenon, schemes that
rely on packet retransmission and cooperative communications
have been proposed in the literature. The problem of integrat-
ing retransmission and cooperative protocols, both jointly and
separately, in traditional communications systems is a widely
studied topic; see, for example, [4]–[11]. For instance, in [4]
the authors propose OPA schemes for maximizing throughput
for cooperative decode-and-forward ARQ relaying schemes.
While the cooperative scheme proposed in [4] exhibits rea-
sonably good performance, it requires that all relay nodes
decode the information, which results in increased latency
in the system. In [5], the authors analyze the performance
of relay-ARQ networks under quasi-static and fast fading
conditions. Therein, the authors show that OPA across different
ARQ rounds provides limited gains with respect to the EPA
strategy. However, their analysis is limited only in outage
probabilities spanning the range  ∈ [10−1, 10−3] and does
not consider ultra-reliability constrains. In [7], the authors
analyze and provide OPA strategy for Chase Combining (CC)
Hybrid ARQ (HARQ). However, their analysis is limited to
the case of maximum two transmissions. Similarly, in [8], the
authors provide an OPA scheme for Incremental Redundancy
(IR) HARQ limited only for maximum two transmissions. The
analysis is then extended in [9], where the authors propose
an OPA strategy for the point-to-point IR HARQ scheme
valid for any number of transmissions. However, integrating
the scheme proposed therein with cooperative communications
would require the implementation of complex coding schemes
among all the cooperating nodes in the system. Other works,
such as [10], discuss the maximization of the throughput
for multiple input multiple output (MIMO) ARQ systems,
without considering the power allocation across different ARQ
transmission rounds. However, in URLLC systems the goal is
not necessarily the design of high throughput systems, but
the design of robust and reliable systems, while maintaining
reasonably low complexity algorithms at the devices, and
thus low energy consumption. In this context, in [12] the
authors propose closed form OPA scheme for ARQ protocol
that enables communication with ultra-reliability constrains.
Therein, the authors show that the proposed scheme maximizes
the overall system throughput with or without the presence of
feedback delay. In [11], the authors propose an OPA scheme
for CC-HARQ protocol, which allows the exploitation of the
coding gains across the collected packets at the receiver. As
expected, this results in larger power savings. However, their
analysis is limited only to point-to-point communications.
In this paper, we integrate the AF cooperative scheme
in ARQ retransmission scheme in a two-hop single-relay
network, in order to achieve the same performance in terms
of outage probability, but with lower power expenditure while
maintaining low complexity [6]. More specifically, we develop
an AF-ARQ relay scheme that enables communication in
the wireless channel with minimum power expenditure while
guaranteeing a target reliability level for both symmetric and
asymmetric power allocation between source and relay. The
contributions of this paper are as follows:
1) We obtain a closed form expression for the outage proba-
bility of AF-ARQ relay scheme under asymmetric power
allocation between the source and the relay.
2) We obtain a closed form expression for the power alloca-
tion strategy that minimizes the outage-weighted average
transmitted power.
3) Through simulations, we show that the proposed scheme
provides a better performance than the EPA strategy and
different types of point-to-point communication schemes.
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II. SYSTEM MODEL
In this work, we consider a two-hop relay network consist-
ing of a source S, a relay R and a destination D. The source
follows an ARQ protocol combined with AF relaying strategy.
Each ARQ round consists of 1 time slot of duration T , and
this slot is divided into two phases:
1) In the first phase, the source broadcasts the packet to the
destination and relay.
2) In the second phase, the relay amplifies the received
signal and forwards it to the destination. If the packet is
correctly recovered by the destination an acknowledgment
packet (ACK) is fed back and the source carries on with
transmitting the next packet. Otherwise, the destination
sends a negative-acknowledgment packet (NACK) and a
new ARQ round is initiated starting from the first phase.
The two phases described above are carried for a maximum
number of M ARQ rounds. If all these rounds are unsuc-
cessful, then a failure to transmit the packet is declared, and
the source proceeds to sending a new packet. Within one ARQ
round, we consider the simplest orthogonal separation between
terminals in two-phase time-division multiplexing (TDM). In
the first T/2 of the slot the source broadcasts the message with
power Ps to both destination and the relay, whose respective
received messages would be:
yr =
√
Pshsrxs + nr, (1)
yd =
√
Pshsdxs + nd, (2)
where yr, yd denote the received messages by the relay
and the destination, respectively; hsr, hsd are the source-
relay and source-destination channel coefficients, which are
statistically independent complex normal random variables
with mean zero, and variance σ2ij , i.e, hij ∼ CN (0, σij); the
envelope of the channel coefficients is Rayleigh distributed,
i.e., |hij | ∼ Rayleigh(σij). The channel gains gij , |hij |2 are,
therefore, exponentially distributed, i.e., gij ∼ Exp(σ−2ij /2).
Terms nr and nd represent the additive white Gaussian noise
(AWGN) at the relay and the destination, respectively, both
with power Nr and Nd. Without loss of generality we assume
Nr = Nd = 1.
In the remaining T/2 of the slot, the relay amplifies the
received signal by a gain factor (for more details see [6]), and
forwards it to the destination, which receives:
yd =
√
Pr
hsr + nr
hrdyr + nd, (3)
where xr is the signal transmitted by the relay and Pr is
the power of transmission of the relay and nrd is the noise
associated with the relay-destination channel. At the end of the
two slots, the destination performs maximum ratio combining
(MRC) of the received copies of the packet to recover the
information. To perform MRC, we assume that the receiving
terminals can estimate the channel gain coefficients with high
accuracy. We assume that the transmitter knows only the
distribution of the channel coefficients.
Motivated by URLLC applications, where short packets
have to be sent with high reliability, we assume that we have
quasi-static fading channel conditions among ARQ rounds,
i.e., the channel coefficients hij from transmitter i to receiver
j remain constant for the duration of one time slot of duration
T and change independently between ARQ rounds. Lastly, we
assume to have one-bit feedback, which is instantaneous and
error free.
III. OUTAGE BEHAVIOR
In this section, we compute the outage probability formula
for the transmission within one ARQ round. The derivations in
this section follow closely the work presented earlier in [6].
However, the results presented there are limited only to the
case when the source and the relay powers are the same, i.e,
Ps = Pr = P .
During one ARQ transmission round, the mutual informa-
tion accumulated from the destination terminal is [6], [13]
IAF =
1
2
log
(
1 + Ps|hsd|2 + f(Ps|hsr|2, Pr|hrd|2)
)
, (4)
where f(x, y) = xyx+y+1 . For a certain spectral efficiency R =
p/q, where p is the number of information bits and q is the
number of channel uses, an outage occurs when IAF < R1.
Theorem 1. For asymmetric power allocation, when Ps is
variable, and the ratio PsPr ≤
µ
δ < ∞, the outage probability
of one ARQ round can be found as:
 =
Psσ
2
sr + Prσ
2
rd
2Prσ2sdσ
2
srσ
2
rd
(
e2R − 1
Ps
)2
. (5)
Proof. See Appendix A.
In what follows, we compute the probability that the packet
is not decoded correctly even after a certain number of
transmission rounds, m, has occurred. This follows from the
assumption that all the transmissions of the packets experience
independent fading conditions, so the total outage probability
becomes
EM =
M∏
m=1
m, (6)
where m is the outage probability of the mth ARQ round.
Since no transmission is done at round m = 0, the outage
probability is 0 = 1.
IV. OPTIMAL POWER ALLOCATION STRATEGY
In this section, we provide the OPA strategy across dif-
ferent ARQ rounds in closed form. The problem of interest
is to achieve a target outage probability while spending as
little power as possible for sending the information from the
transmitter to the receiver. Naturally, since no Channel State
Information (CSI) is available at the transmitter, one approach
would be to allocate the same amount of power across all
1 Notice that hereafter in order to standardize the notation we assume that
all information is encoded in nats instead of bits. Therefore, log is the natural
logarithm.
transmission rounds. We show, in the numerical evaluation,
that our proposed power allocation scheme has lower power
expenditure for a fixed target outage probability.
The outage-weighted average transmitted power is defined
as
Pavg :=
1
M
M∑
m=1
PmEm−1, (7)
where M is the maximum number of ARQ rounds, Pm is the
power transmitted in the mth round and Em−1 is the outage
probability up to round m − 1. Mathematically, the problem
of interest can be formulated as follows
minimize Pavg
subject to 0 ≤ Pm, m ∈ {1, . . . ,M}
EM = ,
(8)
where  is any target outage probability. Problem (8) is a
Geometric Program (GP) and in what follows we will derive
its closed form solution, which allows for much faster com-
putation of the problem solution when compared to running
an optimization algorithm. This is essential in the context of
URLLC, since it results in minimization of the end-to-end
delay. Furthermore, in the numerical section we utilize the
CVX GP solver and show that the proposed OPA matches the
solver’s results. Eq. (5) at ARQ round m can be re-written as
m = ψ(ηm)
(
φm
Pm
)2
, m ∈ {1, . . . ,M}, (9)
where ηm can be computed as the ratio of the power transmit-
ted by the relay in the mth round to the power transmitted
by the source in the mth round, i.e., ηm := Pr,m/Pm.
Furthermore, ψ(ηm) :=
1
ηm
σ2sr+σ
2
rd
2σ2sdσ
2
srσ
2
rd
and φm(R) = e2R/m−1.
In this work, we assume that the amplifier’s gain factor α is
set a priori, i.e., ηm is fixed, and we only optimize over the
source power. The OPA strategy for optimization problem (8)
is given in Theorem 2.
Theorem 2. The OPA strategy for the AF-ARQ protocol is as
follows
PM =
3
√
2λφMψ(ηM ), (10)
Pm =
√
3φmψ(ηm)Pm+1, i ∈ {1, . . . ,M − 1}. (11)
Proof. See Appendix B.
Remark 1. In this work, we have limited our analysis only
to the case where we need to optimize over the source, while
allowing for suboptimal selection of ηm. From the resulting
closed form solution, it is easily observed that all the power
terms can be computed recursively, i.e., for a fixed number
of transmissions, initial spectral efficiency and ηM , the power
term in the M th round can be prespecified; the other power
terms are then recursively computed as described in (11).
V. NUMERICAL SECTION
In this section, we evaluate the performance of the proposed
power allocation scheme for different values of M and η.
We also provide comparison with the EPA strategy and the
point-to-point optimized ARQ scheme [12]. In what follows,
we assume that the initial spectral efficiency R = 1 nat per
channel use (npcu)and the channel statistics are σ2sd = 2 and
σ2sr = σ
2
rd = 1.
In Fig. 1, we illustrate the power that we should allocate in
each AF-ARQ round to achieve a target outage probability 
for M = 2 and different values of η. First, notice that by
allowing for different power allocation between the source
and the relay provides some performance gain (in the sense
lower power expenditure) when compared to the case when
Ps = Pr = P , for both source power terms P1 and
P2 while guaranteeing the required reliability level of the
system. However, note that allowing the relay to transmit with
arbitrarily high power, i.e., increasing η, does not provide large
power savings with respect to the source. This suggests that for
a fixed total power budget Ptotal (i.e., Ps+Pr ≤ Ptotal), then
there exists an optimal value of η. As stated in Remark 1, this
problem falls outside the scope of this paper and will be further
investigated in later works. Moreover, notice that the OPA
strategy suggests transmission with increasing power across
subsequent AF-ARQ rounds when lower outage probability
values are required in the system. This result is consistent
with the ones attained earlier in [11], [12] where point-to-point
ARQ systems are analyzed. The intuition behind the result
follows from the way the optimization problem is formulated.
To achieve a certain target outage probability for M = 2
while minimizing power expenditure for a fixed latency, it is
better to first transmit with low power and “hope” to encounter
good channel conditions. In case a failure occurs in the first
round, then insist again with a higher power transmission until
success or exhaustion of the maximum number of allowed
transmissions.
Next, in Fig. 2 we compare the performance of our protocol
with respect to the optimized ARQ protocol, derived in [12].
In the plots, we fix M = 3 and η = 1. First, we observe
that cooperation provides large power savings at the source
with respect to point-to-point ARQ. Intuitively, this follows
from the fact that since the link between the source and
destination has high variance, in the AF-ARQ case the relay,
which (usually) has a better link to the destination, can help.
On the other hand, in the point-to-point case, the source has to
insist with high power in the latter rounds, which yields much
higher power consumption. Obviously, in the case of point-to-
point ARQ the average power consumption would be larger
than AF-ARQ. Furthermore, the presence of the relay gives
more robustness to the network in the cases when deep fades
are present, which is essential for low-latency communication
systems. Another interesting observation follows from the
behavior of the power terms for AF-ARQ. For very low outage
probability values, e.g.,  = 10−9, the optimal allocation
strategy is still transmission with incremental power. However,
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Fig. 1. Optimized transmit power in each AF-ARQ round for M = 2, R = 1
npcu and different values of η.
for less stringent requirements on the outage probability the
optimal transmission behavior changes, which suggests that
there is a trade-off between the delay and power minimization.
Intuitively, this happens because moderate outage probabilities
are “easier” to achieve for ARQ-type schemes. Therefore, the
OPA strategy suggests transmission with high power at first,
which enables delay minimization. However, mathematical
characterization of the change in OPA behavior for different
values of M still needs to be understood better and remains
an open problem.
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Fig. 2. Comparison between optimized transmitted power in AF-ARQ and
ARQ M = 3, η = 1, σ2sd = 2, σ
2
sr = σ
2
rd = 1 and R = 1 npcu.
Lastly, in Fig. 3, we evaluate the outage-weighted average
power expenditure per transmission of our protocols in the
case of M ∈ {2, 3} transmissions. Herein, we compare the
performance of our scheme with the EPA across different
AF-ARQ rounds. To obtain the latter, we can substitute
Pi,∀i ∈ {1 . . .M} in (6). Notice that for conventional outage
probabilities, i.e.,  ∈ [10−2, 10−4], the OPA strategy makes
little difference. This result is already presented in [5]. How-
ever, for very tight reliability constraints, the EPA approach is
strictly suboptimal.
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Fig. 3. Comparison between OPA and EPA in AF-ARQ for M ∈ {2, 3},
η ∈ {1, 2} and R = 1 npcu.
VI. CONCLUSIONS AND FUTURE DIRECTIONS
In this paper, we analyzed the implementation of AF-
ARQ protocol for URLLC. First, we obtained a closed form
expression for the outage probability of the protocol. Next,
we computed the OPA scheme among different transmission
rounds for the protocol. The proposed scheme allows oper-
ation in very low outage probabilities while minimizing the
average outage-weighted power expenditure. We showed that
the proposed strategy suggests transmission with increasing
power in each ARQ round. Furthermore, through simulations
we showed that the proposed scheme outperforms the selected
benchmarks and produces large power gains.
There are many extensions to this work. First, it would be of
high interest to provide a mathematical characterization of the
trade-off between delay and power minimization. Secondly,
we believe that it would be interesting to evaluate the OPA
strategy under different channel models, such as, Ricean or
Nakagami-m. Another insightful extension would follow from
the analysis the scenario when both Ps and Pr are allowed
to be free variables. Moreover, it would be interesting to see
how extending the number of relays in the network would
help with improving the overall system performance. Lastly,
we believe that it would be interesting to look at the problem
of minimizing the end-to-end latency for a fixed power budget
and target outage probability.
APPENDIX A
PROOF OF THEOREM 1.
In the following, for notation convenience we denote X ,
|hsd|2, Y , |hsr|2, Z , |hrd|2, Ps = 1/δ and Pr = 1/µ. To
prove the theorem, we need the following lemmas:
Lemma 1. Let g(x) be a continuous function around some
point x = x0, satisfying g(x) → 0 as x → x0. If X ∼
Exp(λX) we have:
lim
x→x0
1
g(x)
P (X < g(x)) = λX , (12)
where P (X < g(x)) denotes the probability of random vari-
able (RV) X to be less than g(x).
Proof.
lim
x→x0
1
g(x)
P (X < g(x)) (a)= lim
x→x0
1− e−λXg(x)
g(x)
(b)
= lim
x→x0
λXg
′(x)e−λXg(x)
g′(x)
(c)
= λX ,
where (a) follows from the definition of the Cumulative
Distribution Function (CDF) of exponential distribution; (b)
follows from L’Hopitals rule; (c) follows by noting that the
limx→x0 e
−λXg(x) = 1.
Lemma 2. Let (µ, δ) > (0, 0) and rµ,δ = δf(Yδ ,
Z
µ ), where
f(x, y) = xyx+y+1 . Let h(δ) > 0 be a continuous function with
h(δ)→ 0 and δh(δ) → d1 <∞ as δ → 0. Let also µδ = a <∞
as δ → 0. Then,
lim
δ→0
1
h(δ)
P (rµ,δ < h(δ)) = λY +
µ
δ
λZ . (13)
Proof. We start with the lower bound:
P
(
δf
(
Y
δ
,
Z
µ
)
< h(δ)
)
(a)
= P
(
Y
δ +
Z
µ + 1
Y Zµ
≥ 1
h(δ)
)
= P
(
1
Zδ
µ
+
1
Y
+
µ
Y Z
≥ 1
h(δ)
)
(b)
≥ P
(
1
Zδ
µ
+
1
Y
≥ 1
h(δ)
)
(c)
≥ P
(
max
(
1
Zδ
µ
,
1
Y
)
≥ 1
h(δ)
)
= 1− P
(
1
Y
≥ 1
h(δ)
)
P
(
1
δ
µZ
≥ 1
h(δ)
)
= 1−
(∫ h1(δ)
0
λY e
−λY ydy
)(∫ h1(δ)
0
µ
δ
λZe
−µδ λZzdz
)
= 1− e−(λY +µδ λZ)h(δ), (14)
where (a) follows by making some algebraic manipulations;
(b) follows from the fact that we are discarding a positive
term, thus reducing the chances of the event happening; (c)
follows again from the fact that a positive term is discarded.
Since δ and µ denote the powers of the source and the relay,
respectively, it is plausible to assume that µδ = a < ∞.
Therefore,
inf lim
δ→0
1
h(δ)
P
(
δf
(
Y
δ
,
Z
µ
)
< h(δ)
)
≥ λY + aλZ . (15)
Next, we prove the converse. Let l > 1 be a constant.
Consider:
P
(
δf
(
Y
δ
,
Z
µ
)
<h(δ)
)
(a)
= P
(
1
Y
(
1 +
µ
Z
)
≥ 1
h(δ)
− 1
Z
a
)
(b)
=
∫ ∞
0
P
(
1
Y
≥
1
h(δ) − 1Z
a
1 + µZ
)
pZ
a
(z
a
)
d
z
a
(c)
=
∫ lh(δ)
0
P
(
1
Y
≥
1
h(δ) − 1Z
a
1 + µZ
)
pZ
a
(z
a
)
d
z
a︸ ︷︷ ︸
,B1
(16)
+
∫ ∞
lh(δ)
P
(
1
Y
≥
1
h(δ) − 1Z
a
1 + µZ
)
pZ
a
(z
a
)
d
z
a︸ ︷︷ ︸
,B2
,
where (a) stems after algebraic manipulation. The integrals in
(b) and (c) are over the exponential RV Za and pZa
(
z
a
)
denotes
the pdf of that random variable. Next, we start to bound each
of the terms in (16). To bound B1 we start by noticing that
B1
(a)
= aλZ
∫ lh(δ)
0
P
(
1
Y
≥
1
h(δ) − 1Z
a
1 + µZ
)
e−aλZzd
z
a
(b)
≤ aλZ l, (17)
where (a) follows from the definition of the pdf of the RV Za ;
(b) follows from the facts that the integral in (a) produces a
number smaller than or equal to one and l > 1.
Next, to bound B2 we let k > l > 1 be another constant.
Further, let
B2 =
∫ kh(δ)
lh(δ)
P
(
1
Y
≥
1
h(δ) − 1Z
a
1 + µZ
)
pZ
a
(z
a
)
d
z
a︸ ︷︷ ︸
,B21
(18)
+
∫ ∞
kh(δ)
P
(
1
Y
≥
1
h(δ) − 1Z
a
1 + µZ
)
pZ
a
(z
a
)
d
z
a︸ ︷︷ ︸
,B22
.
We start by bounding B22:
B22
(a)
=
∫ ∞
kh(δ)
P
(
1
Y
≥ Z − ah(δ)
(Z + µ)h(δ)
)
pZ
a
(z
a
)
d
z
a
(b)
≤ P
(
1
Y
≥ kh(δ)− ah(δ)
(kh(δ) + µ)h(δ)
)
= P
(
1
Y
≥ 1−
a
k
h(δ) + µk
)
= P
(
Y ≤ h(δ) +
µ
k
1− ak
)
, (19)
where (a) is obtained by making some algebraic manipulations
to the original expression in (18); (b) follows because the
argument of P is non-increasing in Z/a. Since (19) is the
CDF of the random variable Y , we can utilize the result of
Lemma 1. Consider
P
(
Y ≤ h(δ) +
µ
k
1− ak
)
(a)
= P
(
Y ≤
1 + µkh(δ)
1− ak
h(δ)
)
(20)
(b)
≤ λY
1 + µkh(δ)
1− ak
h(δ), (21)
where the bound in (b) is obtained via a similar argument as
in (17).
Finally, we bound the remaining term, B21:
B21
(a)
=
∫ k
l
P
(
1
Y
≥
1
h(δ) − 1Z′h(δ)
1 + µZ′ah(δ)
)
λZ′h(δ)e
−λZ′h(δ)z′h(δ)h(δ)dz′
(b)
≤ λZ′h(δ)
∫ k
l
P
(
1
Y
≥
1
h(δ) − 1Z′h(δ)
1 + µZ′ah(δ)
)
h(δ)dz′
≤λZ′h(δ)h22(δ)
∫ k
l
1
h(δ)
(
P
(
Y <
1 + µZ′ah(δ)
1
h(δ) − 1Z′h(δ)
))
dz′
(d)
= λZ′h(δ)h
2
2(δ)
∫ k
l
λY
1 + µZ′ah(δ)
1
h(δ) − 1Z′h(δ)
dz′ (22)
= h22(δ)γ(h(δ), δ, l, k),
where (a) follows from making the change of RV Z ′ = Zah(δ)
and applying the definition of pZ′(z′); (b) follows from the
fact the exponential function is decaying in Z ′; (d) would
follow from (12), and γ(h(δ), δ, l, k) is finite for all k > l > 1
as δ → 0.
Finally, combining (17), (21), (22) we obtain:
sup lim
δ→0
1
h(δ)
P(rµ,δ<h(δ)) ≤ sup lim
δ→0
1
h(δ)
(B1+B21+B22)
= aλZ l + λY
(a)
= aλZ + λY ,
where the remainder terms vanish as δ → 0 and k is selected
large enough; (a) follows from choosing l ≈ 1.
Proposition 1. Let X ∼ exp(λX), δ > 0 and g(δ) > 0 be
continuous with g(δ) → 0 and δ/g(δ) → c < ∞ as δ → 0.
Then:
lim
δ→0
1
g2(δ)
P (X + rµ,δ < g(δ)) =
λX(λY + cλZ)
2
. (23)
Proof. Building upon the previous lemma, we now consider
P (X + rµ,δ < g(δ))
(a)
=
∫ g(δ)
0
P (rµ,δ < g(δ)−X) pX(x)dx
= g(δ)
∫ g(δ)
0
P
(
rµ,δ < g(δ)
(
1− X
g(δ)
))
λXe
−λXxdx
(b)
=g(δ)
∫ 1
0
g(δ)(1− x′)P(rµ,δ<g(δ)(1−X
′))
g(δ)(1−x′) λXe
−λXg(δ)x′dx′,
(24)
where (a) comes from marginalizing out X (notice that
rµ,δ ≥ 0 when X ∈ [0, g(δ)]); (b) is obtained by the change of
variable X ′ = Xg(δ) . To complete the proof, now we consider:
lim
δ→0
1
g2(δ)
g(δ)
∫ 1
0
g(δ) (1− x′) P (rµ,δ < g(δ) (1−X
′))
g(δ) (1− x′)
(25)
λXe
−λXg(δ)x′dx
(a)
=
∫ 1
0
[
lim
δ→0
P (rµ,δ < g(δ) (1− x′))
g(δ) (1− x′)
]
λX
lim
δ→0
e−λXg(δ)x
′
dx′,
(b)
=
∫ 1
0
(1− x′) (λY + cλZ)λXdx′ = (λY + cλZ) λX
2
,
where (a) follows from the properties of the limit (limit of
the sum, is the sum of the limits and limit of the product is
product of the limits), (b) follows from Lemma 1.
By making the appropriate substitutions it is straightforward
to obtain the result of Theorem 1.
APPENDIX B
PROOF OF THEOREM 2.
Here, we utilize the necessity of Karush-Kuhn-Tucker
(KKT) conditions to obtain the optimal solution. We start
by writing the Lagrangian function for problem (8), which
is given by
L(Pm, µm, λ)
=
1
M
M∑
m=1
PmEm−1 +
M∑
m=1
µmPm + λ(EM − ), (26)
where µm for m = 1, . . . ,M and λ are the Lagrangian
multipliers. The KKT conditions are:
C1 ∂L∂Pm = 0, m = 1, . . . ,M ,
C2 µm ≥ 0, m = 1, . . . ,M ,
C3 µmPm = 0, m = 1, . . . ,M ,
C4 EM −  = 0.
We can write the derivative of the Lagrangian function
L(Pm, µm, λ) with respect to the power Pm as
∂L(Pm, µm, λ)
∂Pm
=
m−1∏
i=1
φiψ(ηi)
P 2i
(27)
−
M−m∑
i=1
2Pi+1
∏m+i−1
j=1 φjψ(ηj)
P 3m
∏m+i−1
j=1,j 6=m Pj
− 2λ
∏M
i=1 φiψ(ηi)
P 3m
∏M
i=1,i6=m P
2
i
,
where ψ(ηi) =
η2i+1
2η2i
. To solve the problem we relax the non-
negativity requirement for the power terms, i.e. µm = 0 ∀m.
We write C3 for m =M as
∂L(Pm, µm, λ)
∂PM
=
M−1∏
i=1
φiψ(ηi)
P 2i
− 2λ
∏M
i=1 φiψ(ηi)
P 3M
∏M−1
i=1 P
2
i
. (28)
Equating (28) to zero, we obtain the transmit power at the
M th ARQ round as
PM =
3
√
2λφMψ(ηM ). (29)
Similarly substituting m =M − 1 in (27), we can rewrite C1
for m =M − 1 as
∂L(Pm, µm, λ)
∂PM−1
=
M−2∏
i=1
φiψ(ηi)
P 2i
− 2PM
∏M−1
j=1 φjψ(ηj)
P 3M−1
∏M−2
j=1 Pj
− 2λ
∏M
i=1 φiψ(ηi)
P 3M−1
∏M
i=1,i6=M−1 P
2
i
. (30)
Equating (30) to zero leads to
PM−1= 3
√
2PMφM−1ψ(ηM−1)+
2λφMφM−1ψ(ηM )ψ(ηM−1)
P 2M
.
(31)
We can continue this procedure for all m ∈ {1, . . . ,M}
and the results can be summarized as:
PM = f(λ),
PM−1 = f(λ, PM ), (32)
PM−2 = f(λ, PM , PM−1),
...
P1 = f(λ, PM , . . . , P3, P2). (33)
By utilizing a method that is similar to the backward substi-
tution approach [14, App. C.2], we can obtain a relationship
between the power terms Pm as follows: first, by substituting
2λφMψ(ηM ) = P
3
M (see (29)) in (31) (or equivalently in (32))
we evaluate PM−1 as PM−1 = 3
√
2φM−1ψ(ηM−1)PM . Next,
PM−2 is evaluated by substituting 3
√
2λφMψ(ηM ) = PM and
3
√
2φM−1ψ(ηM−1)PM = PM−1 in (33). By continuing this
procedure we can express the optimal transmit power in the
mth round as
Pm =
√
3φmψ(ηm)Pm+1, m ∈ {1, . . . ,M − 1}. (34)
Based on (34), we can easily verify now that the obtained
power values Pm are all positive. Further, since PM is a
function of λ (see (29)) and using (34), it is clear that each
Pm is a function of λ. Thus, all that remains is to compute the
Lagrangian multiplier λ. For this purpose, we utilize the outage
constraint in (8) C4. First, we substitute Pm for m = 1, . . . ,M
in (6) to obtain EM as
Em =
M∏
m=1
φmψ(ηm)
P 2m
= , (35)
where Pm is given by
ρm = 3
o(m)(2λ)p(m)
M∏
i=m
(φiψ(ηi))
q(m)
. (36)
In (36), we compute the exponents: o(m) =
∑M−m
i=1
1
3i ,
p(m) = 1
3M−m+1 and q(m) =
1
3i−m+1 . Finally, we compute
λ by equating EM to the outage target  based on C4, i.e.,
λ=
 1 ∏Mm=1 φmψ(ηm)∏M
m=12
2p(m)32o(m)
∏M
m=1
(∏M
i=m(φiψ(ηi))
q(m)
)2

k(m)
,
where k(m) =
∑M
m=1
−2
3M−m+1 .
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